Abstract. We generalize the ultraviolet sector of gravitation via a Born-Infeld action using lessons from massive gravity. The theory contains all of the elementary symmetric polynomials and is treated in the Palatini formalism. We show how the connection can be solved algebraically to be the Levi-Civita connection of an effective metric. The non-linearity of the algebraic equations yields several branches, one of which always reduces to General Relativity at low curvatures. We explore in detail a minimal version of the theory, for which we study solutions in the presence of a perfect fluid with special attention to the cosmological evolution. In vacuum we recover Ricci-flat solutions, but also an additional physical solution corresponding to an Einstein space. The existence of two physical branches remains for nonvacuum solutions and, in addition, the branch that connects to the Einstein space in vacuum is not very sensitive to the specific value of the energy density. For the branch that connects to the General Relativity limit we generically find three behaviours for the Hubble function depending on the equation of state of the fluid, namely: either there is a maximum value for the energy density that connects continuously with vacuum, or the energy density can be arbitrarily large but the Hubble function saturates and remains constant at high energy densities, or the energy density is unbounded and the Hubble function grows faster than in General Relativity. The second case is particularly interesting because it could offer an interesting inflationary epoch even in the presence of a dust component. Finally, we discuss the possibility of avoiding certain types of singularities within the minimal model.
Introduction
Over the last century, physicists have devoted much effort to determine and understand the content, structure and evolution of the Universe. In this task, General Relativity (GR) has played a fundamental role in shaping the current standard model of cosmology. However, this theory faces a number of challenges from both theoretical and observational perspectives. From the theoretical side, the existence of cosmological and black hole singularities are disturbing issues that suggest the potential unsuitability of the theory in its standard form for the description of gravitational phenomena at sufficiently high energies. A consistent combination of GR with quantum field theory in a quantum theory of gravity is another fundamental open question, although GR is perfectly valid as an effective field theory for most physical situations. At Ultra-Violet (UV) scales, the cosmological constant problem represents a challenging puzzle which reflects the large discrepancy between observations and the theoretical predictions using standard techniques of quantum field theory [1, 2] . On the other hand, the observational evidence supporting the recent accelerated expansion of the Universe could signal a failure of GR at the largest distance scales and, thus, motivates Infra-Red (IR) modifications of the gravitational interaction. Additionally, the need for some kind of dark matter to account for certain astrophysical and cosmological observations may also be an indication of the need to go beyond GR. All these facts have triggered a burst of activity searching for consistent modifications of gravity in both the UV and the IR domains of the theory.
The existence of cosmological and black hole singularities, scenarios in which curvature scalars may grow without bound, is typically attributed to the classical nature of GR. For this reason, it is traditionally argued that quantum gravitational effects should take care of those pathologies at sufficiently high energies or at scales of order the Planck length. Almost by definition, it seems generally accepted that a quantum theory of gravity will regularize curvature divergences. However, one might dare to consider a different situation in which getting rid of curvature singularities is not included among the important roles of quantum gravity. In analogy with the transition from non-relativistic to relativistic mechanics, where the velocity of a body is bounded by mechanisms not involving quantum physics, one might consider a scenario in which classical gravitation is somehow improved in such a way that curvature scalars are generically regular. The quantization of gravity in such a regular scenario could thus proceed in a way substantially different from the current approaches.
A class of gravity models recently considered in the literature makes contact with the above ideas and, at the same time, also establishes interesting connections with extensions of gravity that affect the infrared sector. Originally proposed by Deser and Gibbons [3] , a Born-Infeld-like gravity Lagrangian has been studied recently with interesting applications in cosmology and black hole scenarios [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . Born-Infeld gravity represents a specific infinite order higher curvature modification of GR. Extensions with higher order curvature terms usually contain ghostly degrees of freedom and/or are not unitary even though they can be renormalizable. Nevertheless, when formulatedà la Palatini, these theories of gravity are ghost-free and may avoid cosmological and black hole singularities in some cases. Though the theory does not cure all curvature divergences, it does provide interesting new insights along the line proposed above aimed at building a classical theory of gravity with bounded curvature scalars. The theory in the matrix representation is characterized by the determinant of a matrix defined as − det (ĝ + λ −2R (Γ)) whereĝ is the space-time metric,R is the Ricci tensor and λ is an energy scale. This gravity Lagrangian is similar to the original Born-Infeld electromagnetic Lagrangian [4] , − det(ĝ + λ −2F ), whereF is the electromagnetic field strength, proposed to bound the self-energy and field strength of the electron. The above gravity action recovers GR in the limit λ → ∞ in the same way as the Born-Infeld electromagnetic Lagrangian recovers Maxwell's theory when λ → ∞. Note that the bound on the speed of material particles can be achieved by promoting the non-relativistic free Lagrangian − 1 − v 2 /c 2 , which recovers the non-relativistic free Lagrangian in the limit mc 2 → ∞ [18] . The Born-Infeld gravityà la Palatini can thus be seen as an attempt to build a dynamical classical geometry with bound curvature scalars via the Born-Infeld algorithm. We note that Born-Infeld like actions seem to be very fundamental, as they naturally appear in the description of the electromagnetic field of certain D-branes [19] .
Following [20] , the Born-Infeld gravity lagrangian can also be written as √ −g det(Ω), whereΩ =ĝ −1q andq denotesq ≡ĝ + λ −2R . This notation puts forward that the matrix Ω plays a fundamental role in the definition of the theory. Interestingly, a similar object has also been identified recently in a different context as a basic building block of a consistent, ghost-free massive theory of the graviton [21] . In that scenario, the potential terms that give mass to the graviton are defined in terms of an objectM = ĝ −1f , wheref represents a reference metric, which can be dynamical in some models. In this work we will use some results obtained within the framework of massive gravity theories to reinterpret the gravity action of Born-Infeld and extend it to a larger family of theories.
Massive gravity is one important class of infrared modifications of gravity in which the mediator of gravitational interactions has a small mass. The construction of a well-defined, non-linear theory of massive gravity without any pathologies like the Boulware-Deser ghost has been a challenging problem over the last decades. However, in recent years such a theory has been successfully constructed by de Rham, Gabadadze and Tolley [21, 22] . This theory generalizes the linear Fierz-Pauli action without propagating ghost degrees of freedom and contains only second order equations of motion. Its successful realization relies on a very specific structure of a 2-parameter family interactions. Very soon after that Hassan and Rosen have realized that this very specific structure of the interactions was automatically fulfilled by writing the interactions in terms of a deformed determinant det (½ + β nK ) [23] , where the matrixK = ĝ −1f − ½ encodes the potential interactions of the graviton with the square root structure. This deformed determinant on the other hand can be written in terms of the symmetric polynomials of the matrixK. The determinant plays a very crucial role. An equivalent description of the interactions in terms of the Stueckelberg fields requires that the scalar Stueckelberg field π in zeroth order of metric fluctuations h µν = 0 must appear in the action only in total derivative terms. Exactly the antisymmetry property of the Levi-Civita tensors in the determinant det (δ µ ν + ∂ µ ∂ ν π) guarantees that. Furthermore, the theory of massive gravity can be promoted to a theory of bigravity by invoking explicit dynamics for the reference metric f [24] . The ghost-free interactions between the two metrics are still given by the determinant det (½ +K) with the difference that there is also an additional kinetic term for the f metric. There is nothing special about one metric versus the other since the theory is symmetric under the exchange of the two metrics. Therefore naively one could at-tempt to couple both metrics to external matter fields even though there might be restrictions due to the existence of ghost degrees of freedom [25] [26] [27] [28] [29] [30] [31] [32] . Another crucial point is that massive gravity in a given limit reproduces a given important class of scalar-tensor theories: the Galileon theory [33] . The Galileon interactions represent an interesting subclass of Horndeski interactions [34] with shift and Galileon symmetry and they have only second order equations of motion. The decoupling limit of massive gravity contains these interactions automatically [22, 35] . Exactly as in massive gravity the Galileon interactions can also be written in terms of a deformed determinant det (δ µ ν + a∂ µ ∂ ν π + b∂ µ π∂ ν π) [36] . As can be seen, in all these theories, the interactions appear in a very specific form of a deformed determinant, to which we will pay a specific attention when we construct our generalization of the Born-Infeld gravity theory. In this work we will combine the Born-Infeld gravity with the ideas of massive gravity and extend the Born-Infeld action to include all of the symmetric polynomials.
By comparing the structures of the basic building blocks of Born-Infeld gravity and the potential term in massive gravity, the Born-Infeld Lagrangian can be written either as √ −g detΩ [20] or as √ −g det( Ω ). The identification of the matrix Ω as the basic element of the action and the fact that det Ω is nothing but the highest order elementary symmetric invariant polynomial of this matrix motivates us to propose an extension involving other invariant polynomials of Ω . After explaining in detail this construction 2, we derive the field equations of the resulting theory 3. Then we concentrate in more detail on the specific case of the minimal extension of the theory, which consists only of the first polynomial 4, and consider different applications aimed at exploring the behavior of these new theories in scenarios with cosmological singularities 4.4.
Throughout the paper, we use the metric signature convention (−, +, +, +) and units in which the speed of light and the Planck constant are unity c = = 1, and the reduced Planck mass is M 
, and so on.
The theory

Born-Infeld electromagnetism
Motivated by finding a regularization scheme for the singularities that appear in classical electromagnetism at small scales (UV regime), Born and Infeld suggested to construct a nonlinear extension of the Maxwell action in the form [37] 
where η µν is the Minkowski metric, F µν = ∂ µ A ν − ∂ ν A µ the strength tensor of the electromagnetic potential A µ and λ some energy scale. The form of this action follows a close analogy to that of a relativistic point particle S pp = −mc
Very much like in special relativity the speed of light serves as an upper limit for speeds, in Born-Infeld electromagnetism the scale λ gives the maximum allowed value for electromagnetic fields. The above action can be alternatively written as
ε µναβ F αβ the Hodge dual of F αβ and in the second line we have used the usual definitions for the electric and magnetic fields E i = −F 0i and B i = 1 2 ǫ ink F jk . For small electromagnetic fields |F µν | ≪ λ 2 , the leading order contribution to the action reads
and we see that the theory reduces to usual Maxwell electrodynamics. However, for fields of order λ 2 the self-interaction terms become important and prevent the unlimited growth of electric and magnetic fields so that UV singularities are regularized. In particular, the self-energy of point-like charges becomes finite. One important feature of Born-Infeld electromagnetism is that it preserves the hyperbolicity of the field equations, thus, guaranteeing causal propagation.
Born-Infeld inspired gravity
Inspired by Born-Infeld electrodynamics, Deser and Gibbons [3] suggested a similar construction for gravity. They started by considering an action of the form
where g µν is the spacetime metric tensor, R µν is the metric Ricci tensor and X µν contains terms of quadratic and higher orders in R µν and must be chosen to remove ghosts from the spectrum of the theory. The scale λ must be tuned to recover GR at low curvatures.
It was argued in [3] that, unlike in the original Born-Infeld construction for electromagnetism, there was no clear criterion to make an analogous construction for gravity. The ghost problem for quadratic and higher order terms that required the introduction of X µν in (2.4) arises in the pure metric formalism of the theory, i.e., when the Ricci tensor is defined in terms of the symmetric and metric compatible Levi-Civita connection. However, if we treat the connection as an independent object, i.e., in the Palatini formulation of the theory, ghosts do not arise anymore from higher order terms in R µν . Thus, we could give up the metric formulation of the theory and use a metric-affine variational principle instead. Such formulation resembles Eddington's theory, which is a pure affine theory described by the action
where R (µν) is the symmetric part of the Ricci tensor and the connection Γ α µν (that is assumed to be symmetric, i.e., no torsion is present) appears as the fundamental geometric quantity. In the spirit of Eddington's theory, it is natural to consider the simplified version of the Born-Infeld inspired action (2.4) in the Palatini formalism
where the second term is introduced to have Minkowski vacuum solutions, as we will see below.
One can write this action also as
with P µ ν = g µα R αν (Γ). Now, by commuting the determinant and the square root 1 , we can write the action in a more suggestive form
where we have denoted byP the corresponding matrix. Note that the expression under the square root can also be expressed as
where we defined q αν ≡ g αν + λ −2 R αν (Γ). Therefore, the Born-Infeld inspired action in the Palatini formalism can simply be written as [20] 
1 This is always an admissible operation provided the square root exists. The square root of a matrix is defined by √ M √ M = M so, taking determinants in both sides we obtain (det
After defining the matrixM ≡ ĝ −1q = 1 + λ −2P we can simply write the action as
This is the form of the Born-Infeld gravity action that will serve as our starting point to motivate our extension of this theory.
Generalizing Born-Infeld inspired gravity theories
Now we are ready to introduce our generalization of Born-Infeld gravity (for other recent extensions see [20, 38, 39] ). It is a trivial observation that action 2.11 contains two of the elementary invariant symmetric polynomials of the matrixM. The extension we propose and will explore in this work is quite suggestive. Instead of only considering these two symmetric polynomials of the matrixM, we will generalize the action to contain all of the remaining polynomials. Our generalized Born-Infeld actionà la Palatini is thus given by
In this action we have introduced an additional scaleλ that will be fixed below by the requirement to recover GR at low curvatures, β n are free dimensionless parameters and e n (M ) are the elementary symmetric polynomials defined as e 0 (M ) = 1,
The fourth symmetric polynomial is nothing but the determinant e 4 (M ) = detM and is precisely the one appearing in the original Born-Infeld inspired gravity theory. These symmetric polynomials are invariant under any transformationR −1MR whose inverse existR
We can also write them in terms of the Levi-Civita tensors
with
As commented above, one of the motivations to consider this extension of the BornInfeld inspired action comes from the realization of ghost-free theories of massive (bi-)gravity. Indeed, there one has non-trivial interactions of a similar form [21, 23] 
where f µν is the reference metric, which is also dynamical in the case of bigravity. The square root structure of the interactions in massive gravity plays a very crucial role: it guarantees the absence of ghostly degrees of freedom. This striking similarity motivates us to consider the full set of invariant symmetric polynomials also in the case of the Born-Infeld inspired theories. Actually, not only in massive (bi-)gravity, but also in some given interesting subgroups of Horndeski interactions, like the Galileon interactions, we find this form of a deformed determinant det (δ µν + a∂ µ ∂ ν π + b∂ µ π∂ ν π).
Low curvature limit
As it happens with the original Born-Infeld gravity theory, the low curvature limit of our generalized version successfully recovers General Relativity. This can be easily checked by expanding the elementary symmetric polynomials to the corresponding IR limit, namely |g µα R αν | ≪ λ 2 . In such a limit, we have thatM
) and the action becomes:
(2.16) which coincides with the Einstein-Hilbert action in the Palatini formalism supplemented with a cosmological constant term (which can be cancelled by tuning the parameter β 0 ). As it is well-known, the Palatini formulation of the Einstein-Hilbert action is not exactly GR because there is a projective invariance with Γ α µν → Γ α µν + δ α ν ξ µ for an arbitrary ξ µ . This symmetry of the Einstein-Hilbert action leaves four components of the connection undetermined that must be fixed by additional conditions, like the vanishing of the torsion vector or the trace of the non-metricity tensor. This can actually be implemented in the action itself by the inclusion of suitable lagrange multipliers. In the case of the pure Einstein-Hilbert action, this symmetry is exact, but in our generalized Born-Infeld gravity (and also in its original version), the projective invariance only appears as an approximate low curvature symmetry that will be broken by higher order contributions and, thus, the necessary conditions to recover GR must be imposed by hand.
Notice that to recover GR we need to identifỹ
This fixes the scaleλ and leaves λ as the only new dimensionful parameter in the theory which controls the scale at which high curvature effects become important (assuming that β n are of order 1). Finally, we should mention that what we have shown is the existence of one branch of solutions that will reduce to GR in the limit of low curvatures. However, in the full theory it is expected to find several branches of solutions and some of them will not reduce to GR in such a limit. We will come back to this point later in specific examples.
High curvature limit
We have seen that the low curvature limit of the extended Born-Infeld theories of gravity reduce to the Einstein-Hilbert action in the Palatini formalism. Now, let us consider the high curvature limit where |g µα R αν | ≫ λ 2 . For that, let us first note that in such a limit we havê
If we have all the polynomials, then the 4 th one will dominate and we will recover a type of Eddington action
However, whereas in the original Eddington theory only the symmetric part of the Ricci tensor is taken, here the whole Ricci curvature contributes, including its antisymmetric part. On the other hand, if we consider the case where only the polynomials up to k-th order contribute to the action, that one will be the relevant term for the high curvature limit, i.e., only the highest polynomial will contribute. The high curvature limit for all the polynomials -9 -is given in the following:
where we remind that P µ ν = g µα R αν (Γ). We find particularly interesting the case of e 2 since it leads to a suggestive modification of the Einstein-Hilbert action without new dimensionfull parameters. If we forget for a moment about its origin as the high curvature limit of our generalized Born-Infeld theory and take it as the starting action it reads
withm some scale. This theory could even be treated in the metric formalism. Now if we interpret the operation of tracing as a type of averaging, the above action can be interpreted as being the variance of ĝ −1R . Despite its amusing interpretation, its physical viability is dubious since it likely leads to observational conflicts with local gravity tests and the hyperbolicity of the field equations might also be violated due to the square root structure with differential operators. However, these issues should be explored before reaching a definite conclusion.
Equations of motion
In the following we will compute the covariant equations of motion for our generalized BornInfeld inspired gravity theory. To make the derivation more transparent, let us start with a Lagrangian depending on one single polynomial e n (M), whose action is
Variation of this action leads to
where we have used δ
√ −gg αβ δg αβ . The variation δe n (M ) can be computed as follows. Since the polynomial e n (M) is a function of the traces of powers ofM , we can write
3)
where we have defined
. The sum over k must start from k = 1 for the expression to be meaningful. Notice that for n = 0 we simply have e 0 = 1 which has vanishing variation. Now, sinceM = (Ω)
we can rewrite the above variation as
so that the action variation in (3.2) can be recast in the following form
The extension of this variation to the linear combination of polynomials of our action for the generalized Born-Infeld gravity now proceeds very easily since S GBI = 4 n=0 β n S n . The variation of S GBI can thus be written as
where we have defined the total Lagrangian as L G ≡λ 4 4 n=0 β n e n (M), have added the stressenergy tensor T αβ coming from the variation of the matter sector, and have absorbed the sums over k and n in the matrix W λ β , which is defined as
3 This can be easily proven by varyingM kM k =Ω k to obtain δM kM k +M k δM k = kM 2k−2 δΩ. Then one multiplies byM −k ant takes the trace to obtain the desired expression.
Notice that we have removed the term with n = 0 from the sum over n in the above definition because it corresponds to e 0 = 1, which does not actually depend onM . We can let the sum over k to run up to 4 since E k n = 0 for k > n. Then, E k n can be written as a square matrix whose components are given by 9) where the index k specifies the column and n the row. The matrixŴ can thus be written aŝ
where we have introduced the following definitions f 1 = β 1 e 0 + β 2 e 1 + β 3 e 2 + β 4 e 3 (3.11)
f 3 = β 3 e 0 + β 4 e 1 (3.13)
(3.14)
Since we are assuming the metric and connection have independent variations, the metric field equations that follow from (3.7) arẽ
Let us now focus on the connection field equations which will be obtained from the variation of the Ricci tensor. For a general connection, this variation can be expressed as
is the torsion tensor. Omitting constants for simplicity, the relevant term in (3.7) for the connection equations is given by
Using the formula (3.16) in the above equation, integrating by parts and noting that
for a general connection and the relation for an arbitrary
we finally get (here 20) and, therefore, the connection field equations read
In this derivation we have assumed that the matter sector does not couple to the connection so that it does not contribute to the above equations. From now on and for simplicity, we shall restrict ourselves to the case of a symmetric connection, i.e., vanishing torsion tensor. The consistency of this assumption is ensured by the fact that the connection equations are algebraic in the connection, as we will see below. Setting T ν λρ = 0 in (3.21) we obtain the simplified equations
Tracing over the indices λ and ν, one finds that ∇ ρ √ −gW βρ = 0, which, plugged back into the equations, implies that the connection equations boil down to
This equation for the connection can always be solved formally. To do it, we first note that the definition of the fundamental matrixM allows to express λ −2 R αβ as λ −2 R αβ = g αλ (M 2 − ½) λ β . As a result, the metric field equations (3.15) establish an algebraic relation betweenM , the metric and the matter fields, i.e.,M =M (ĝ,T ). Finding such a relation is the challenging step and, moreover, given the highly non-trivial and non-linear form of the equations, several branches are expected to arise. Furthermore, such a relation implies thatŴ is also an algebraic function of the metric and the matter fields. Therefore, the connection in (3.23) only appears linearly and can be solved by algebraic means, i.e., like in General Relativity, it is a nondynamical object. Solving the resulting equations is, in general, very difficult. This is partially due to the fact that the matrixŴĝ −1 may not be symmetric. In fact, equations (3.23) can be decomposed into their symmetric and antisymmetric parts as follows 5 :
The solution to the symmetric part can be found by simply assuming that there exists a rank-two symmetric tensorg αβ such that
which turns (3.24) into the well-known equation ∇ λ ( √ −gg βν ) = 0. This equation also appears in the Palatini formulation of General Relativity and establishes the compatibility between the connection and the metric (up to the aforementioned projective symmetry). In our case, it implies that the connection takes the form
Taking the determinant on both sides of equation (3.26) one finds
which leads tog αβ = 4 √ −g 1
In the particular case of symmetricŴĝ −1 this equation reduces simply tõ
Concerning the antisymmetric part of the equations (3.25), they correspond to the constraint equations that arise from setting the torsion to zero and, indeed, they will determine the consistency of the assumption T α µν = 0. Notice that having a symmetric matrixŴĝ −1 trivially fulfills such a constraint. For simplicity, in the following we will assume that such a condition holds. Now we go back to (3.15) and look for a more compact representation of the metric field equations. In matrix notation, this equation can be recast as
Using the relations (3.30), we can write (RŴ ) = det(Ŵ ) 1 2 (Rĝ −1ĝ ). Now, since R αβ (Γ) = R αβ (g), it follows that R αβ = R βα as it corresponds to the Ricci tensor of the Levi-Civita connection of a given metric 6 . We thus see that (RŴ ) αβ = det(Ŵ )
When the product (RŴ ) is symmetric, then the above equation can be further simplified to get
In the remaining of the paper we will illustrate the general properties shown in this section for the simplest case with β 2 = β 3 = β 4 = 0.
Minimal Born-Infeld extension
Now that we have derived several general properties of the Born-Infeld inspired extensions for gravity considered throughout this paper, we will study the minimal case given by the first two polynomials
The coefficient β 0 has been tuned to have Minkowski spacetime as vacuum solution 7 , i.e., to recover Einstein-Hilbert action without a cosmological constant at low curvatures, and β 1 has been absorbed into the parameterλ. Moreover, as we have also discussed above, to match GR at low curvatures we have identifiedλ 4 = M 2 Pl λ 2 .
Field equations for the minimal model
The field equations corresponding to the metric tensor are given by
If we now take the low curvature limit in these equations with
which correspond to the Einstein equations in the Palatini formalism, as expected. However, one should remember that the l.h.s. of these equations correspond to the Einstein tensor for the independent connection. As mentioned above for the general case and will show soon for this particular case, in this limit the connection is nothing but the Levi-Civita connection of the spacetime metric, so we indeed recover GR. The field equations derived from (4.1) can also be written in matrix notation as
Then we can use thatR = λ 2ĝ (M 2 − ½) from the definition ofM to express the curvature in terms of the matrixM and obtain the equation
This is the equation that allows to obtain the fundamental matrixM by algebraic means in terms of the metric and the matter content, i.e., it gives the functionM (ĝ,T ) mentioned in the previous section. In this special case, it corresponds to a quadratic equation in the elements ofM , so we expect to find several branches. In general, solving this equation for the matrixM is difficult, so we will consider some simple configurations. In next sections we will assume a perfect fluid form for the matter sector and, therefore, all relevant matrices will be symmetric. In particular, we will have thatŴĝ −1 is symmetric so that the symmetrization of the connection equation in (3.23) will not be necessary and its antisymmetric part will be trivially satisfied. For the minimal theory we have thatŴ =M −1 and, consequently, the connection is given by the Levi-Civita connection of the effective metric
Notice that, sinceM is a positive-definite matrix, we have that sign(g) = sign(g). Interestingly, for both metrics to be conformally related we need to haveM −1 ∝ ½ that only happens in vacuum as we will show below. Moreover, in such a case, the conformal factor is constant. We have not yet exhausted all the relations that we have. Starting from the definition q µν = g µν + λ −2 R µν (Γ) we can write λ −2 R µν (Γ) = q µν − g µν . Since R µν (Γ) = R µν (g), we raise one index of this Ricci tensor withg µν as follows:
where we used thatĝ −1q =M 2 . Using now the equation of motion for the metric (4.5), we get
where L BI 1 is the gravity Lagrangian of this theory,
Pl Tr M − ½ . Note that the above expression relating the Ricci tensor of the connection with the matter sources is absolutely general, i.e., it is valid for any Palatini theory of gravity (with just small variations). All the elements on the right-hand side of this equation are functions of the matter sources. Applications to particular scenarios are now possible, but before that let us end this section by signaling how general bounds on the energy density can arise. If we take the trace of the eq. (4.5) with respect to g µν we find
where we have used that λ 2 M 2 Pl =λ 4 . This allows to impose a constraint on the energymomentum tensor. Since the matrixM is positive-definite, the l.h.s. of the above equation is positive and, thus, we necessarily have that
For a radiation-like fluid, this constraint is trivially satisfied. For a dust component, the conditionλ 4 < 0 also allows to trivially fulfill the constraint, whereas ifλ 4 > 0 there is an upper bound for the allowed energy-densities given by 16λ
4 . However, it is important to notice that although this is a necessary constraint, it does not need to give the physical upper bound for ρ and, in fact, there are more stringent constraints, as we will see in the following. On the other hand, the constraint will depend on the type of matter and it is not guaranteed the existence of an upper bound for ρ or p for a general matter component. The generality of these results and the specific bounds for different fluids will be shown in more detail in the following sections.
Einstein space solutions
Let us start by considering an Einstein space ansatz with R µν (Γ) = κg µν . For purely Einstein spaces κ is a constant, but here we will relax this assumption and let κ be an arbitrary function of space and time for the moment and show that it needs to be constant. The form of the Ricci tensor implies that M If we take the covariant derivative of these equations with respect to the Levi-Civita connection of g µν , the conservation of the energy momentum tensor of matter 9 implies that m 2 (and therefore κ) must be a constant. Hence, only a cosmological constant-like fluid with T µν = −ρ Λ g µν with ρ Λ constant in space and time can support Einstein space solutions. By taking the trace of equation (4.11) with respect to g µν we obtain an equation for m 2 in terms of the trace of the energy-momentum tensor
whose solutions are
whereρ Λ stands forρ Λ = ρ Λ /λ 4 . Now that we know the solution for the fundamental matrix M in terms of the matter content and the metric tensor, we can solve the connection equations. SinceM is symmetric (diagonal in fact), we know that there is a solution given by the LeviCivita connection of the metric defined by (4.6) and the antisymmetric part of the connection equations is trivially satisfied. Such effective metric is given in this case bỹ 14) so that both metrics are simply related by means of a constant conformal transformation. Then, we have that R µν (g) = m 2 κg µν . Since both metrics are related by the above constant conformal transformation, we also have that R µν (g) = R µν (g).
Vacuum solutions
In vacuum we have ρ Λ = 0 and the solutions are m 2 = 1 and m 2 = 1/3, i.e., κ = 0 and κ = − . Whereas the former represents a Ricci-flat space with R µν (Γ) = 0 (Branch I), the latter gives a non-vanishing Ricci tensor R µν (Γ) = − (Branch II). Although we have obtained these solutions by imposing the Einstein space Ansatz from the beginning, they correspond to the general solutions in vacuum with T µν = 0. This is easy to see because in vacuum the fundamental matrixM must be proportional to δ α β and the Ricci tensor must take the Einstein space form. It is interesting to note that Branch II corresponds to a de Sitter or anti-de Sitter space for λ 2 negative and positive respectively without having a cosmological constant. In the next subsection we study the solutions in the presence of a cosmological constant. Figure 1 . In this plot we show the dependence of m 2 and κ as a function ofρ Λ . We see the two branches discussed in the main text: Branch I that is connected to vanishing Ricci tensor in vacuum (blue-dashed) and Branch II with dS/AdS (red-solid). SinceM is a positive definite matrix, only those values ofρ Λ for which m 2 is positive are physical. For a very large cosmological constant, the curvature κ saturates to the value −λ 2 .
Cosmological constant solutions
When ρ Λ = 0, the solutions are given by (4.13) and are shown in Figure 1 . As we can see in that Figure, we obtain two branches which are connected to the Ricci-flat (Branch I) and the dS/AdS (Branch II) solutions in vacuum. Only Branch I gives GR in the limit of low curvatures (or λ → ∞). For the solutions in both branches to be physically viable, we need to have m 2 real and positive to guarantee thatM is positive definite. Both conditions are fulfilled forρ Λ 2( √ 3 − 2) (see Figure 1) . Notice that the constraint translates into a bound for a negative (positive) cosmological constant for λ 2 positive (negative). In this simple case we already encounter the first saturation effect typical of Born-Infeldlike theories. In the presence of a very large cosmological constant withρ Λ ≫ 1 we have that m 2 → ∞ for the Branch I that is connected with vanishing Ricci tensor in vacuum, whereas m 2 → 0 in the Branch II that connects to dS/AdS. The former case generates an infinite curvature as the cosmological constant value goes to infinity, but in the latter case we have that λ −2 κ → −1 which means that only a curvature R(Γ) = 4κ = −4λ −2 is actually generated despite having an arbitrarily large cosmological constant, i.e., only an effective cosmological constant Λ eff = −λ −2 is active. Notice that this saturation is reached very quickly as we increaseρ Λ and, in fact, it is essentially insensitive to it. Thus, no matter what the value of the cosmological constant is (provided it satisfies the aforementioned bound), in the Branch II the solution is always a de Sitter or an anti-de Sitter space whose curvature is entirely determined by −λ 2 . If λ 2 is positive (negative), we can have a very large and positive (negative) cosmological constant, but the curvature would correspond to an anti-de Sitter (de Sitter) space with Λ eff ≃ −λ 2 . Unfortunately, this mechanism does not look very promising to help with the cosmological constant problem because it occurs in the branch that does not recover GR for the low curvature limit. Hence, the cosmological evolution in such a branch should be compatible with the standard thermal history of the universe, which seems unlikely precisely because of the non-recovery of GR. Moreover, as we will see, this saturation effect and the dS/AdS solutions that we have described here in the presence of a cosmological constant will remain valid for a broad set of equations of state.
Perfect fluid solutions
In this section we will pay our attention to the case of a perfect fluid with energy-momentum tensor described by
Since this matter source is diagonal, the central object of the theory, namely the matrixM , will also be assumed to take a diagonal form as follows:
where M 0 and M 1 must be positive to guarantee the positiveness ofM . So far we have only made the assumption of the perfect fluid form for the matter source and, consequently, our results will be valid for general inhomogeneous configurations (e.g. spherically symmetric). In next section we will further assume homogeneity in order to study cosmological scenarios.
The metric field equations written as in (4.5) give
where we have again defined the dimensionless quantitiesρ ≡
Pl
. As we mentioned above, these equations allow to obtain M 0 and M 1 in terms of the matter content ρ and p by algebraic means. If we isolate M 1 from the first equation
and substitute in the second one we obtain the following equation for M 0 :
3(4 +ρ)M Since this is a cubic equation, there will always be at least one real solution. However, we need to guarantee that such a solution is also positive to fulfill the physical requirements for Only the Branches I and II can be physical, so we will disregard Branch III from our analysis. As before, Branch I is connected to the Ricci flat solutions in vacuum whereas Branch II is connected to a dS/AdS space, in agreement with our findings in the previous section for the vacuum solutions.
For non-vacuum solutions, the equations for M 0 and M 1 can still be solved analytically, although their explicit expressions are lengthy and not too illuminating. Once the solutions for M 0 and M 1 are found, we can easily compute the scalar curvature by using the definition of the fundamental matrixM to obtain
In the limitρ → 0 we obtain:
confirming that Branch I connects with the GR result at low energy densities whereas Branch II is connected with the dS/AdS branch. In Figure 2 we plot the solutions for the cases of a radiation fluid with p = 1/3ρ, pressureless dust (p = 0) and a fluid with equation of state w = −0.8. We see that for the radiation component there is un upper bound on the allowed energy densities irrespectively of the sign of λ 2 for both branches. This also implies an upper bound for the possible curvatures. This feature can be relevant for early universe cosmology because as we go back in time, the energy density of the relativistic degrees of freedom (which in fact become more numerous as the temperature of the universe increases) grows, but such a growth is limited by the value of λ 2 in the minimal Born-Infeld theory. This behaviour is found for all fluids with 10 0 < w < 1. For the dust component, only when λ 2 < 0 there is un upper bound for the energy density. However, if λ 2 > 0 the energy density of the dust fluid can be arbitrarily large, although the scalar curvature saturates to a value of order λ 2 in both physical branches. In fact, in the limit of high densitiesρ → ∞, the curvature is given by R I,II = (
. These results could be applied to collapsing objects and the formation of black holes singularities. For negative λ 2 , the Born-Infeld structure of the action prevents the energy density to grow above ∼ λ 2 M 2 Pl , whereas if λ 2 > 0, the energy density can be arbitrarily large but this does not correspond to a curvature singularity, which saturates to a value ∼ λ 2 . In the case of w = −0.8, Branch II behaviour is essentially the same as the one explained for the case of a dust fluid. In fact this is generic for fluids with w < 0, showing that the 10 We restrict ourselves to fluids with equations of state parameters such that |w| 1.
solution in Branch II is quite insensitive to the particular fluid that fills the spacetime. In Branch I we see that the curvature grows without bound so that the saturation effect is not present. As a matter of fact, in the high density limit we find
Pl ), which represents a growth faster than in GR where R GR = (1 − 3w)ρ/M 2 Pl for all energy densities. These general features are actually found for fluids with w < 0.
Cosmological evolution
In this section we will analyze the cosmological evolution for the minimal extension of the Born-Infeld inspired theory under study. For that we will take the results from the previous section and consider the further assumption of homogeneous and isotropic configurations. Thus, we will take the FLRW Ansatz for our metric
As explained above, the connection can be identified with the Levi-Civita connection of an effective metric given in (4.6). For the FLRW Ansatz, the effective metric takes the following form:
which is again an FLRW metric but with modified lapse function and scale factor:
Since we are considering a perfect fluid as matter source, the solutions for M 0 and M 1 that we found in the previous section will be the solutions for the present case. Knowing the matrix M in terms of the matter density and pressure will allow us to compute the Hubble function H ≡˙a a using the field equations (4.8). For that we first express the Einstein tensor ofg µν in terms of the fundamental matrixM
where we have used thatR = λ
The Hubble function can be determined from the zero-zero component of this Einstein tensor
, and we have used the fact thatȦ/A = ∂ ρ ln(A)ρ together with the continuity equation for the fluidρ = −3H(ρ + p). Now plugging the expression (4.28) for G 00 into the zero-zero component of the equation (4.27) enables us to write the Hubble function in terms of the matter field
where we have fixed the lapse function to N(t) = 1. We must remember here that M 0 and M 1 are functions of the energy density (and equation of state parameter) of the matter component that can be taken from the results obtained in the previous subsection. Here we will focus on Branch I of solutions because it is the one connected with GR at low energy densities. Moreover, we will also assume λ 2 > 0. w 0.8 Figure 3 . In this plot we show the dependence of the Hubble expansion rate as a function of ρ for three fluids with different equations of state to illustrate the three regimes discussed in the main text. We also plot the solution for GR (purple) for comparison. We see how in the case of a radiation component there is a bound for the energy density. In this plot we have focused on Branch I (connected with the GR limit at low densities) and we have taken λ 2 > 0.
In Figure 3 we show the dependence of the Hubble function on the energy density of the fluid for different equation of state parameters, namely w = 1/3 (radiation), w = 0 (dust) and w = −0.8. For the case of radiation we encounter again the upper bound on the allowed energy density and, in addition, this is the typical behaviour for fluids with w > 0. As commented already above, this is an interesting feature for early universe cosmology since such an upper bound for the energy density might actually prevent the formation of Big Bang singularities.
For dust we see again the saturation effect that we already discussed in the solutions for perfect fluids that causes H 2 to go to a constant for very high energy densities. Moreover, this behaviour is shared by all fluids with equation of state parameter −2/3 < w 0. It is important to note that the Hubble function H 2 is related to the curvature of the LeviCivita connection of the spacetime metric and, therefore, is in general different from the total connection curvature R(Γ). Thus, although the total curvature only goes to a constant at high energy densities for a dust component, the Hubble expansion rate saturates for equations of state 0 w < −2/3. Finally, for fluids with −1 < w < −2/3, we have that
Pl ) for high densities so that it grows faster than in GR.
The fact that the Hubble function is constant for very high energy densities can represent an interesting mechanism to generate a de Sitter inflationary era in the presence of a matter component crucially different from an effective cosmological constant. Thus, one could for instance develop such an inflationary epoch in a universe filled with a dust component. Work is in progress in this direction and will be presented elsewhere.
Summary and discussion
In this paper we have proposed an extension of the modified gravity theories originally inspired by the Born-Infeld electromagnetism as a possible mechanism to regularize curvature singularities. Our extension to such theories are motivated by the massive gravity interactions where the potential is constructed in terms of the elementary symmetric polynomials of a fundamental object given by the square root of a very specific matrix. The original Born-Infeld gravity action can be expressed as the determinant of the matrixΩ = ĝ −1q withq ≡ĝ + λ −2R so that it represents the forth order polynomial associated to the matrixΩ. Therefore, it is a natural generalization of the Born-Infeld gravity to include all of the elementary symmetric polynomials of such a matrix. In this way, we adapt lessons from an IR modification of the gravitational interaction (massive gravity) to the case of Born-Infeld inspired gravity theories, which modify gravity at high curvatures.
After introducing the extended version of the Born-Infeld gravity, we have computed the corresponding field equations. We treat the theory in the Palatini formalism so that the connection is treated as an independent object in the theory. As usual in the Palatini formalism, the connection can actually be algebraically solved so that it represents an auxiliary field which does not add new degrees of freedom with respect to the metric formalism. We managed to solve the connection as the Levi-Civita connection of an effective metric that is given in terms of the space-time metric tensor and the matter content by means of an algebraic equation. This equation is in general highly non-trivial and leads to the existence of several branches of solutions. We show that one of these branches is always continuously connected with General Relativity at low curvatures.
Once we have presented the aforementioned general results for the full theory, we have studied in more detail a minimal version of it consisting of only the first two polynomials with the condition that Ricci-flat solutions exist in vacuum. For this model we have analysed Einstein space solutions and show that they can only be supported by a cosmological constant. In vacuum (vanishing cosmological constant) we have obtained the usual Ricci-flat solution (as imposed from the construction of the theory), but also an additional dS/AdS solution with a curvature of order λ 2 corresponding to the branch that is not connected with the GR solution. Additionally, for an arbitrary cosmological constant we found that this dS/AdS solution remains the same irrespectively of the value of the cosmological constant. In fact, we have shown that this solution is quite general for arbitrary fluids with equation of state w ≤ 0.
We then have looked at solutions with a perfect fluid as matter source, for which it was also possible to solve the connection equations. We found that for a radiation fluid (and in general for fluids with 0 < w 1) there is un upper bound on the possible energy densities and this could have an important effect for early universe cosmology. For dust we obtained a saturation effect characteristic of Born-Infeld-like actions where the curvature remained constant at very high energy densities. This could have interesting consequences for the gravitational collapse and the formation of black hole singularities. For equation of state parameters smaller than zero, we found that the curvature grows as ρ 2 instead of going like ρ as in GR. Finally, we have looked at some cosmological scenarios with homogeneity and isotropy. In that case, we could fully solve the field equations and find the effective metric that generates the space-time connection. Moreover, we also obtained an expression for the Hubble expansion rate in terms of the energy density of the fluid. For a universe filled with radiation we found once again the upper bound for the possible energy densities. Interestingly, for equation of state parameters −2/3 < w 0, the Hubble function remains constant at very high densities so that it would be possible to have a (quasi) de Sitter inflationary phase in a universe filled with more general fluids than in GR (e.g., in a dust-dominated universe). This is a consequence of the Born-Infeld structure of the action and its viability as a successful inflationary phase will be studied in detail elsewhere.
We have focused on the minimal version of the extended version of the Born-Infeld inspired theories as the simplest case, but the general theory with all the polynomials will be interesting to study. In particular, more physically viable branches are expected to arise due to the higher degree of the field equations. One motivation to study Born-Infeld-like theories within the context of modified gravity is the potential regularization of the singularities. Here we have shown that, although the regularization is not a general feature of these theories, for some interesting cases like Big-Bang or black hole singularities, such a regularization might actually take place. However, these issues should be studied more carefully before drawing any final conclusion on it.
